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Abstract. Shot-noise and fractional Poisson processes are instances of 
filtered Poisson processes. We here prove Girsanov theorem for this kind 
of processes and give an application to an estimate problem. 



1. Introduction 

At the beginning of the theories of mathematical finance and performance 
analysis of telecommunications networks, asset prices or input traffics were 
modeled by Markovian diffusion processes. It is by now well known that 
these processes don't capture some of the essential features observed in the 
real datas. Namely, diffusion processes do no reflect long-range dependance 
exhibited in many traces (HIE]- Alternative models are currently being con- 
sidered such as Levy processes, fractional Brownian motion, shot noise pro- 
cesses and different combinations of them. For instance, in [HJ, it is sug- 
gested that one could represent the evolution of an asset price by a process 
St = exp(i?t + Nt), where B is a standard Brownian motion and N is a shot 
noise process (for discussions about the validity of this model we refer to [6j). 
Motivated by this work, we here investigate some of the basic properties of 
processes which encompass shot-noise models. Given a marked Poisson pro- 
cess N and a deterministic kernel K, we define filtered Poisson process N , 
by 

-t 



N t K = [ K(t,s)dN s 
Jo 



/ zK(t, s)/j,(ds,dz). 
o Je 

If K is a convolution kernel, i.e., K(t,s) = k(t — s) then N K is usually 
called a shot-noise process. Shot-noise processes are used in numerous fields 
of applications, e.g. electronics, hydrology, climatology, telecommunications 
(see [Hj, |U| and references therein), insurance (see and references 
therein) and finance (see [H] and ^H] for a review on this topic). It follows 
that filtered Poisson processes can, in the same fields, model more general 
phenomena so that we believe, it is an interesting class of processes to con- 
sider. This paper is organized as follows. In the next section, we give some 
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preliminaries on point processes. In section 3, we prove the Girsanov theo- 
rem for filtered Poisson processes and in section 4, we apply this result to an 
estimate problem. 

2. Preliminaries 

Let M. d equipped with its borelian cr-algebra and (£1,3, (3t)teR+iP) a fil- 
tered probability space. We consider that we are given an 3-adapted, marked 
Point process \i of intensity measure v of the form (for details, see [3]) 

u(u,ds,dz) = X(s)dsr](dz). 

This means that there exist two sequences of random variables (T n ) ne ^* and 
such that : (T n ) ng N* is a strictly increasing sequence of M + (jump 
times) verifying lim ra ^oo T n = +oo and (Z n ) ng N* is a sequence of M. d (the 
marks associated with the jump times), such that 

ngN* 

We associate with \x the Marked Poisson process N defined as: 

N t=^2 Z n l [Tn < t] . 

Hypothesis 1. We assume now that our deterministic kernel satisfies a few 
regularity assumptions : 

• K is triangular, i.e., K(t, s) = for s > t. 

• K is sufficiently integrable in the sense that (s, z) — > zK[t, s) is in 
C 2 {u) for any t > 0. 

• K is continuously differentiate with respect to t and s in {(t,s) : 
< s < t}. 

We now define a filtered Poisson process by 

(1) N t K = [ [ zK(t,s)fi(ds,dz). 

Jo Je 

The first hypothesis thus appears as necessary if we want to have a non- 
anticipative process N . The other two are only technical assumptions. The 
next proposition is immediate. 

Proposition 1. The sample-paths of N K are cadlag iff K(t,t) is finite for 
any t and that they are continuous iff K(t, t) = for any t. 

3. Girsanov Theorem 

We hereafter assume that K is degenerate on the diagonal, that is to say 
K(t, t) = for any t. It has thus a sense to look at the perturbations of the 
sample-paths which induce an absolutely continuous change of probability 
measure. 
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Theorem 1. Let {Nt : t > 0} the compensated Marked Poisson Process 
associated with N defined by 

N? = f [ zK(t,s)(n(ds,dz) -v{ds,dz)). 
Jo Je 

Consider a function h € and introduce the probability measure 

which is absolutely continuous with respect to P of Radon-Nikodym density 
given by: 



y dP h 

At 



Si 



dP 

(2) =£V {I I h {s,z){^-v){ds, dz)^j 

where £T>(X)t indicates the Doleans-Dade exponential of the process X at 
time t. 

Let N h ' K be defined by 

Nf' = / / z K(t, s)(n(ds,dz)—v(ds,dz))— / z K(t,s)h(s,z)is(ds,dz). 
Jo Je Jo Je 

Then the following equality in law holds: 

C(N K ,P h )=C(N h ' K ,P) 

Proof. Let n G N* and (ti, . . .,t n ) G [0,T] n fixed. When these instants are 
fixed, the processes 



M* : r ^ / I zK(ti,s)n{ds,dz) 
Jo Je 

are marked Point processes whose compensators are: 

: r — > / / zK(ti,s)v{ds,dz) 
Jo Je 

Hence, (M l — ^ l )™ =1 is a P-martingale and the Girsanov theorem (see PJ) 
makes certain that: 

( M l ' h : r -> M l r - - f ^—d(M i -¥,Z)) 
V Jo Z s- S Ji=l 

is a P^-martingale. Z is defined by Q so Z is solution of the equation: 

R t = l+ ! ( R s -[h(s,z) - - v)(ds,dz) 
Jo Je 
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Hence, we can write: 
(A) = (M i -&,Z) s 



JE 



zK(ti,s)(fi — v)(ds,dz),l + / / Z s - [h(s, z) — — u)(ds, dz) 

Jo J E I 




zK(ti,s)(fi — u)(ds,dz), / / Z s - [h(s, z) — l](fj, — v){ds, dz) 
q JE Jo Je 

zK(ti, s)Z s - [h(s, z) — l]d 




lo JE 
We can conclude that: 



JE 

zK(ti, s)Z s - [h(s, z) — l]v(ds, dz) 



— v)(ds,dz); I / (/i — v){ds,dz) 
o Je i 



M l r ' h = M l r -& r 



r 1 



Z s ~ 
r 1 



o Z s - j E 



'0 JE 

zK(ti,s)fi(ds,dz) - 



zK(ti, s)Z s - [h(s, z) — l]u(ds,dz)dz 
zK(ti, s)[h(s, z) — l]u(ds,dz) 

zK(ti, s)h(s, z)u(ds, dz) + <3?* 



o JE 



o JE 



(3) 



thus, 



JE 



zK(ti, s)[i(ds,dz) — / / zK(ti, s)h(s, z)v(ds,dz) 



JE 



to Je 
is a P/j-martingale and 

(4) r -h 



zK(ti, s)[i(ds,dz) — / / zK(ti, s)h(s, z)v(ds,dz) 



o Je 



zK(ti, s)h(s, z)v(ds, dz) 



o Je 



is the P^-compensator of M l . 
>From ©, M^ h is written: 



M i,h . 



zK(ti, s)([i(ds, dz) — h(s, z)v(ds, dz)) 



>o JE 

So its compensator under P is (@J. 
It follows (see |3|) that: 



([• 



£(\r^M*]'; =1 ;P h 



C 



i.h 



i=l 



;P 



Now, taking r = Sup ti, the kernel being triangular, the result holds. □ 

Ki<n 
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4. An application 

Suppose now that we are given to observe the paths of a perturbed filtered 
Poisson process: 

X? = N t K - 6t with 9 > 0. 

We now investigate the problem of the estimate of 9. Such a problem has been 
thoroughly investigated when a standard Brownian motion is put in place 
of N (i.e., a fractional Brownian motion is substituted to N K ) [21 El 03- We 
here need to assume that v and K are such that there exists one and only 
one function 6 such that: 



/ zK(t,s)4>(s)u(ds,dz) = t. 
o JE 



We then introduce the likelihood function 
dP 



dP 



= SV{ / 0<t>(s)(n-v)(ds,dz) 

& \J0 JE / t 



According to the previous theorem, the processes X e under P and N K under 
Pg have the same law thus an estimate of 8 is given by: 

§t = Argmax Z®. 
0e[o,l] 

Unfortunately, the exact expression of the Doleans-Dade exponential is so 
intricate in case of jump processes that we have to find another expression 
of Z e more suitable for computations 9 t . 

Lemma 1. // cj> 6 C 1 ^) and In (1 +9(f>) G then: 

iy£V J 9<f)(s)(n - v){ds, dz)^j : < t < t| = {exp(Y/) : < t < t} 
with for any < t < T : 



Y t e = [ [ ln(l + 0^(s))/x(tfa, dz) - [ [ 9<p{s)v{ds,dz) 

JO JE JO JE 
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Proof. Apply ltd formula to the function x — > exp(x) with respect to the 
jump process Y e . One gets: 

exppf ) - 1 

= /** exp(F/_)cZy/ + J>xp(y/) - exp(y/_) - ex P (y/_)(y/ - y/_)] 
= [ exp(y/_)dy/+ / /[exp(y/_+ln(l+^( S )))-exp(y/_) 

JO JO J£ 

- exp(y/_)(ln(l + 00(s)))/i(da,tfe)] 

= / < exp(y/_)dy/+ /* / [exp(y/_+ln(l+^( S ))) 
Jo jo Js 

- exp(y/_)(l + ln(l + fl0(s)))/i(ds, dz)] 



But we have: 



dY s e = [ ln(l + 0</>(s))fi(ds, dz) - [ 6<j){s)v{ds,dz) 

JE JE 



hence: 



exp(y/) - 1 



f exp(y/_)[ln(l + 6(/>(s))n(ds,dz) - 0(j){s)v{ds,dz)} 
o Je 

+ f [ [exp(y/_+ln(l + ^( S ))) 

JO JE 

- exp(y/_)(l + ln(l + 6<j>{s)))]n(ds, dz) 

= f I exp(y/_)[ln(l + ^(s))-(l + ln(l + ^(s))) 

JO JE 

+ exp(ln(l + 6(f>(s)))]n(ds, dz) 

- f f exp(y/_)00(a)i/(ds,dz) 
Jo Je 

t r rt 



JE 

t 



exp(Y s e -)9(f)(s)fi(ds,dz) - [ [ exp(Yf-)0<f>(s)v(d8,dz) 

Jo Je 

= 11 exp(Yf-)0<f>(s)(ji - v){ds, dz) 

JO JE 

It follows that the process exp(y 9 ) is a solution to the Stochastic Differential 
Equation which defines the Doleans-Dade exponential. By uniqueness of the 
solution, the result holds. □ 
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Proposition 1. Suppose 4> € C 1 ^) and ln(l + 9<p) € Then, for any 

t £ [0,T], 9t exists and is the unique positive solution of 



r,-<t 



Proof. Fix i 6 [0, T]. The likelihood function reaches its maximum when the 
function: 

f:9->[ [ ln(l + 6</>(s))n(d8, dz) - f [ 9<j){s)v(ds,dz) 
Jo Je Jo J e 

reaches its maximum. Noticing that: 

ft r Af„\2 



wee see that the function / is concave hence that it admits a unique maxi- 
mum and that this maximum Ot satisfies ©• □ 

Remark 1. If we consider the fractional Poisson Process: this means that 
K is taken to be the kernel Kh associated to fractional Brownian motion 
(see 0j: 

Ku[t ' S) = r(ff + l/2) (t " S ) H ' 1/2F ^ H ~ V2, 1/2 -H,H + 1/2, 1 - t/s), 

where F(a, b, c, z) = r ( 6 yr(c-b) Jo u6-1 (l ~~ u) c ~ b ~ l (l — zu)~ a du, and that N 
is a Poisson process with constant intensity A. Then, we know (see Decreuse- 
fond Ustiinel f2\) that 4> is given by: 

(6) s -» (p{s) 



r(2 - 2H) A 

The theorem can be applied because <ft G as soon as | < H < 1 and in 

this case so does ln(l + 9(f)). 

We now prove that for 9 > 0, 9 t is strongly consistant, i.e., that Ot con- 
verges a.s. to 9. 

Lemma 2. The process 9 t is decreasing on any interval [T n , T n+ \[. 

Proof. Let ip(x,y) = x/(l + xy), it is clear that for x > 0, the partial map 
(y i ^ ip(x,y)) is decreasing. We know that ^ is the solution of the equation 

(7) X>(0(2i),0*)= f cj>(s)\(s)ds. 
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For t £ [T n ,T n+ i[, the number of terms in the left-hand-side in is constant 
and the right-hand-side is an increasing function of t. It follows that 9t must 
decrease between T n and T n +l- ^ 

To go further, we need additional hypothesis on 4>. Note that all these 
hypothesis are satisfied by <f> as defined in (Jsj, We don't know whether 9r n 
is decreasing sequence and we cannot thus conclude to the convergence of 
6t- However, we now prove that it is a bounded process. 

Lemma 3. Assume 9 > and that 4> and ln(l+9(j)) belong to ^ 1 ([0, T], X(s)ds) 
for any T > 0. Assume that 

lim / 4> 2 (s)\(s) ds = oo 

and that 

8 lim ^-f — — — — = 0, for any j > 0. 

/ V(s)A(s)ds 

Then, {9t, t > 0} is Pq-o.s. bounded. 
Proof. Let M > 9 and consider 

A M = {uj € O, lim sup 9 t (to) > M}. 

On Am, there exists a sequence {t n , n > 1} of positive reals such that 
0t„ > M for any n > 1. Thus 



By the very definition of 

Jo 



thus 



(9) / <p{s)X(s)ds - ip(cj){s),M)(l+9(j){s))\(s)ds 



< ^(<t>(Tj),M)- / ^(a),Af)(l + ^(*))A(s)ds. 

T <i ^ 

Left-hand-side of Equation ((HI) can be simplified as 

<j){s)\{s) ds - I ip(<f)(s),M)(l + e<f)(s))\(s)ds 

={M -9) r 



o 



GIRSANOV THEOREM FOR FILTERED POISSON PROCESSES 

Thus, Equation JHJ now reads as 
"*» 2 (s)A(s) 

as ^ 

Tj<t n 



(10) < M - 9 >f n§IHl><^>> M > 



^(s) 5 M)(l + 0<£(s))A(s)ds. 

o 

Furthermore, since </> > and M > 9, we have 

On the other hand, Central Limit theorem for martingale, says that, Pg a.s., 
£ T .< tn ip(<f>(Tj),M) - J* n Mfts), M)(l + ^( S ))A( S ) _ 



J o t ^(0(s),M)2A(s)(l + ^(s))ds 



0, 



Then, divide both sides of JH3) by J * n ip{(/)(s), M)0(s)A(s) ds and let n go to 
infinity. In virtue of JSJ and ifTTIl . this yields to the contradiction that on Am, 
9 > M. Finally, P 9 {A M ) = and thus {§ t , t > 0} is P -a.s. bounded. □ 

Theorem 2. Assume 9 > and that 4> and ln(l+0 '(ft) belong to -^ 1 ([0, T], X(s)ds) 
for any T > 0. Assume that 



lim / cf) 2 (s)A(s) ds = oo 



and that 



fU 2+ i(s)\{s)ds 

lim -^-7 = 0, for any j > 0. 

f*<P 2 (s)\(s)ds 

Then 9t tends Pg-a.s. to 6. 

Proof. Let N t (<f>) = Y.T <<<?K T n)- According to (0), we have 



1 + t <p(T n ) Jo 
= N t (ct>)- [ 0(s)A(*)(l + 00(a)) ds 



o 



(n^ 2 )- jf 2 (s)A(s)(l + ^(s))ds 

3 (s)A(s)ds 



S 1 + ^0(T„) Jo 
+ (0-0 t ) [\ 2 {s)\{s)ds 
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After some simple algebra, this yields to 

(12) (9 - § t ) ( [ 2 (s)A(s) ds + § t [ 4?(s)\(s) ds) 
Jo Jo 

= -(iV t (0)- P <{ ) (s)\(s)(l + 9 ( j ) (s))ds) 
Jo 

+ 9 t [N t ((f> 2 ) - J (f> 2 (s)X(s)(l + 9</>(s)) ds) 
- 9 2 t (iV t (0 3 ) - J <P 3 (s)\(s)(l + 0<f>{s)) ds 

1 ^i + e t <j>{r n ) nn) J 'Jo 

For any deterministic (, the process {N t (() — f$ ((s)\(s)(l + 9(j)(s)) ds, t > 0} 
is a martingale whose square bracket given by 

ft 

C(s) 2 A(s)(l + ^(s))ds. 



t 

4 



^(s)X(s)ds. 



It follows from hypothesis and Central Limit Theorem for martingales that 

fl31 lim N t (^)-i^(syma + QHs))ds = o 

/ V(«)A(s)ds 

for any j > 1. Moreover, 

(14) V ( - 0(T n )3) = ft V *W« . 
Thus, 

°sE(TTSrT-« r ») 3 )£W(A 

According to ffTTTf) and to hypothesis (JHJ), we have 

(15) lim , Nt ^ ^ = 0, P g a.s.. 

^™ f*(j) 2 (s)\(s)ds 

Divide (|T2*|l by Jq 4> 2 (s)X(s) ds and let t goes to infinity, it follows from lfT^)l 
and (fl5|l that #t converges to 9. □ 
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